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Abstract
In framework of eigen-functional bosonization method, we introduce an
imaginary phase field to uniquely represent electron correlation, and demon-
strate that the Landau Fermi liquid theory and the Tomonaga-Luttinger liquid
theory can be unified. It is very clear in this framework that the Tomonaga-
Luttinger liquid behavior of one-dimensional interacting electron gases origi-
nates from their Fermi structure, and the non-Landau-Fermi liquid behavior
of 2D interacting electron gases is induced by the long-range electron inter-
action, while 3D interacting electron gases generally show the Landau Fermi
liquid behavior.
Typeset using REVTEX
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Since the discovery of high Tc cuprate superconductors [1], the strongly correlated elec-
tron systems has been extensively studied theoretically [2–10]. Now a common consensus is
reached that the low energy physics properties of cuprate superconductors, such as anoma-
lous normal state behavior and high superconducting transition temperature, are determined
by the strong electron correlation in their copper-oxide plane(s). However, up to now there
is not a microscopic or phenomenal theory to successfully explain the normal and supercon-
ducting physical properties of the cuprate superconductors, because one cannot exactly and
effectively treat the strong electron correlation of the systems.
It is well-known that usual metals can be described by the Landau Fermi liquid theory
[11,12], in which there is weak correlation among electrons, and near the Fermi surface there
exist well-defined quasi-particles (holes), thus the fundamental assumption of the Landau
Fermi liquid theory is satisfied, i.e., the states of an interacting electron gas can be put
into a one-to-one correspondence via adiabatic continuation with those of the free electron
gas. However, for strong electron correlation, this fundamental assumption of the Landau
Fermi liquid theory may fail, and one does not have well-defined quasi-particles (holes) near
the Fermi surface. A one-dimensional interacting electron gas is a good example, in which
there is strong electron correlation even though for small electron interaction, thus one does
not have well-defined quasi-particles (holes) near the Fermi levels ±kF (its Fermi surface
is composed of two points, ±kF , defined by the Fermi momentum kF ). It is described by
the Tomonaga-Luttinger liquid theory [13–17], where in low energy regime electron Green’s
function and other correlation functions present power-law behavior, and the correlation
exponents are not universal, and depend upon the electron interaction strength. Therefore,
the one-dimensional interacting electron gas is a strongly correlated electron system even
for weak electron interaction.
Generally, the low energy behavior of the one-dimensional (1D) interacting electron gas
is qualitatively different from that of three-dimensional (3D) interacting electron gas, the
former is represented by the Tomonaga-Luttinger liquid theory, while the latter is represented
by the Landau Fermi liquid theory (see below). This difference derives from their different
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Fermi surface strctures. For 1D electron gas, its Fermi surface is composed of two points
±kF , defined by the Fermi momentum kF , and its Hilbert space is drastically suppressed.
There are only two kinds of elementary excitation modes, one is the excitation modes near
these two Fermi levels ±kF , respectively, where the energy spectrum is approximately linear;
and another one is the excitation modes with large momentum (2nkF , n = 1, 2, ...) transfer
between these Fermi levels ±kF , which usually make the system become an insulator ( for
a 1D electron gas this kind of excitation is absent). This drastically suppressed Hilbert
space will induce the strong electron correlation even for weak electron interaction, thus it is
true that for a 1D interacting electron gas the strong electron correlation originates from its
special Fermi surface structure, and the Tomonaga-Luttinger liquid theory is an universal
theory of 1D electron gases. In contrast with the 1D electron gas, the Fermi surface of the
3D electron gas is a sphere with a radius kF , and its Hilbert space is enlarged comparing
with that of the 1D electron gas. The low energy elementary excitation modes are quasi-
particles and quasi-holes. It is well-known that even for long-range Coulomb interaction,
the 3D electron gas still can be described by the Landau Fermi liquid theory, where strong
electron interaction does not mean that there is the strong electron correlation, and it only
produces weak and short-range electron correlation. Thus the Landau Fermi liquid theory
is an universal theory of 3D electron gases.
For 2D electron gas, the situation is different. Its Fermi surface is a circle with a radius
kF , and for long-range Coulomb interaction, it shows non-Landau-Fermi liquid behavior
in the low energy regime [18,19]. We shall demonstrate that this anomalous behavior of
the 2D interacting electron gas derives from the two aspects, one is its Fermi structure,
and another one is the long-range electron interaction. These both effects induce the strong
electron correlation, thus the non-Landau-Fermi liquid behavior of the 2D strongly correlated
electron gas cannot be completely represented by the Tomonaga-Luttinger liquid theory. It
shows not only some characters of the Landau Fermi liquid, but also some characters of the
Tomonaga-Luttinger liquid.
It is very desirable to find an unified theory to represent not only 1D interacting electron
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gases, but also 2D and 3D interacting electron gases. In the framework of the eigen-functional
bosonization method [20,21], we try to give such the unified theory of strongly correlated
electron gases, which not only reduces to the Tomonaga-Luttinger liquid theory for the
1D interacting electron gas and to the Landau Fermi liquid thoery for the 3D interacting
electron gas, but also can represent the low energy behavior of the 2D interacting electron
gas. We clearly demonstrate that an imaginary phase field which naturally appears in
the eigen-functional bosonization, is a key parameter field hiden in the strongly correlated
electron systems and represents the electron correlation, and the eigen-functionals can be
used to define the states of the interacting electrons. By calculation the overlap of these
eigen-functionals with the eigen-functions of the free electrons, we can judge whether or not
there exist well-defined quasi-particles (holes) near the Fermi surface. The imaginary phase
field is a very important quantity in our representation, and it determines the low energy
behavior of the system. Moreover, as d ≥ 2 it does not contribute to the action of the
system.
In general, we consider the Hamiltonian (omitting spin label σ of the electron operators
ck)
H =
∑
k
ǫ(k)c†kck +
1
2Ld
∑
q
v(q)ρ(q)ρ(−q) (1)
where ǫ(k) = k2/(2m)− µ, µ is the chemical potential, d is the dimension number, ρ(q) =
(1/Ld)
∑
k c
†
kck+q is the electron density operator, and v(q) is the Coulomb potential. The
last term represents usual electron’s Coulomb interaction (four-fermion interaction). Usually,
one can introduce the Hubbard-Stratonovich (HS) field φ(x, t) to descouple this four-fermion
interaction term. With the standard path integral method [22], we have the action of the
system,
S =
∫
dt
∫
ddx
{
Ψ†(x, t)
[
i
∂
∂t
+ µ+
∇2
2m
− φ(x, t)
]
Ψ(x, t)
}
+
1
2TLd
∑
q,Ω
1
v(q)
φ(−q,−Ω)φ(q,Ω) (2)
where Ψ(x, t) is the electron field. The system now reduces into that the electrons move in
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the HS field φ(x, t), and we have the eigen-functional equation,[
i
∂
∂t
+ µ+
∇2
2m
− φ(x, t)
]
Ψkω(x, t, [φ]) = Ekω[φ]Ψkω(x, t, [φ]) (3)
where the eigen-value Ekω[φ] = ω − ǫ(k) − Σk[φ], and the self-energy Σk[φ] =∫ 1
0 dξ
∫
dtddxφ(x, t)Ψ†kω(x, t, [ξφ])Ψkω(x, t, [ξφ]) is a regular function, and independent of ω.
The eigen-functionals Ψkω(x, t, [φ]) can be used to define the elementary low energy exci-
tation modes, i.e., quasi-particles (holes) and/or collective excitation modes, and have the
formal solutions,
Ψkω(x, t, [φ]) = Ak
(
1
TLd
)1/2
eQk(x,t)eik·x−i(ω−Σk [φ])t (4)
where |Ak| ∼ 1 is the normalization constant, and T →∞ is the time length of the system.
These eigen-functionals are composed of two parts, one presents the free electrons, and
another one presents the correlation of the electrons produced by the electron interaction.
Thus we can formally write
Ψkω(x, t, [φ]) = ψkω(x, t)e
Qk(x,t)
The phase fields Qk(x, t) determine the low energy behavior of the system, and satisfy the
usual Eikonal equation with the condition Qk(x, t) = 0 as φ(x, t) = 0,[
i
∂
∂t
+ i
k · ∇
m
+
∇2
2m
]
Qk(x, t)− φ(x, t) = −
1
2m
(∇Qk(x, t))
2 (5)
which can be exactly solved by a series expansion of the HS field φ(x, t) and/or by computer
calculations [23,24].
With the solution of the eigen-functionals Ψkω(x, t, [φ]) (4), the action of the system
reads (omitting constant terms),
S =
1
2TLd
∑
q,Ω
φ(−q,−Ω)φ(q,Ω)
v(q)
−
1
2
∫
dtddxφ(x, t) [F1(x, t, δ) + F2(x, t)]δ→0 (6)
where F1(x, t, δ) = −(1/(2π)
d)
∫
ddkθ(−ǫ(k)) sin(k · δ)δ · ∇QIk(x, t), F2(x, t) =
(2/(2πd))
∫
ddkθ(−ǫ(k))QRk (x, t), and θ(x) is a step function, i.e., θ(x) = 1 for x > 0 and
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θ(x) = 0 for x < 0. We have written the phase field as Qk(x, t) = Q
R
k (x, t) + iQ
I
k(x, t),
a real part QRk (x, t) and an imaginary part Q
I
k(x, t). We shall demonstrate that the phase
field QIk(x, t) completely determine the low energy behavior of the system. It is also noted
that the action of the system is composed of two parts, one is from the real phase field
QRk (x, t), and another one is from the imaginary phase field Q
I
k(x, t). Due to the Fermi
surface structure of the system, the momentum integral in F1(x, t, δ) can be written as [25],∫
ddk = Sd−1
∫
d|k||k|d−1
∫ pi
0 dθ(sin θ)
d−2, where Sd = 2π
d/2/Γ(d/2). As d ≥ 2, the integration
of sin(k · δ) is regular, thus as δ → 0 the function F1(x, t, δ) = 0, the imaginary phase filed
QIk(x, t) has no contribution to the action of the system. Only at d = 1, it has contribu-
tion to the action, where the real phase field QRk (x, t) is zero (see below). This property is
independent of the electron interaction, it is completely determined by the Fermi surface
structure of the system.
We now consider the 1D interacting electron gas, in which the Fermi surface is composed
of two Fermi levels, ±kF , and the electron energy spectrum can be written as, ǫ(k) = ±vFk,
where vF is the electron Fermi velocity. The branch ǫ(k) = vFk represents the right-moving
electrons, and the branch ǫ(k) = −vF k represents the left-moving electrons. In general, the
electron interaction term reads, (1/L)
∑
q V (q)ρR(q)ρL(−q), where ρR(L)(q) are the right-
and left-moving electron densities, respectively, and V (q) ∼ V , a constant. To decouple this
four-fermion interaction, we introduce two HS fields φR(x, t) and φL(x, t), and have two sets
of eigen-functionals representing the right- and left-moving electrons, respectively,
ΨRkω(x, t, [φ]) =
(
1
TL
)1/2
eQR(x,t)eikx−i(ω−ΣR[φ])t
ΨLkω(x, t, [φ]) =
(
1
TL
)1/2
eQL(x,t)eikx−i(ω−ΣL[φ])t (7)
where ΣR(L)[φ] is a regular quantity, and independent of k and ω. The phase fields QR(x, t)
and QL(x, t) are independent of k, and satisfy the simplified Eikonal equation [20,26],(
i
∂
∂t
+ ivF
∂
∂x
)
QR(x, t)− φR(x, t) = 0(
i
∂
∂t
− ivF
∂
∂x
)
QL(x, t)− φL(x, t) = 0 (8)
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These linear differential equations can be easily solved, and the phase fields QR(x, t) and
QL(x, t) are imaginary because the HS fields φR(L)(x, t) are real. It is worthy noted that
the imaginary phase fields QR(L)(x, t) not only determine the electron correlation, but also
contribute to the action of the system. This is qualitatively different from that in 2D and
3D electron gases, where the imaginary part of the phase field Qk(x, t) does not contribute
to the action due to their Fermi surface structures.
It is very simple to prove that the 1D interacting electron gas is a strongly correlated
system even for very weak electron interaction V ∼ 0. With the action (6), by the simple
calculation we can obtain the relations,
< ψR(L)kω(x, t)Ψ
†
R(L)kω(x
′, t, [φ]) >φ ∼
(
1
L
)α
eik(x−x
′) (9)
< eQR(L)(x,t)e−QR(L)(x
′,t) >φ ∼
(
1
|x− x′|
)2α
, |x− x′| → ∞
where α ∼ (1− V/(2πh¯vF ))/2 for V ∼ 0, is the dimensionless coupling strength parameter,
the eigen-functions ψR(L)kω(x, t) present the right(left)-moving free electrons, and < ... >φ
means taking functional average over the HS field φR(L)(x, t). The first equation presents the
zero overlap between the eigen-functionals ΨR(L)kω(x, t, [φ]) of the interaction electrons and
the eigen-functions of the free electrons (V = 0) as L→∞, thus the states of the interacting
electron gas does not have one-to-one correspondence via adiabatic continuation with those
of the free electron gas, and there are not well-defined quasi-particles (holes) near its two
Fermi levels ±kF . The second equation presents the strong electron correlation, in which the
electron correlation length is infinity even for weak electron interaction, this can be easily
seen by re-writing the right side of the last equation in (9) as, exp{−2α ln |x − x′|}. Due
to this strong electron correlation, the low energy excitation modes of the 1D interacting
electron gas are those collective excitation modes, such as the charge and spin density waves,
and there are not well-defined quasi-particles (holes) near the two Fermi levels ±kF . Thus
the Tomonaga-Luttinger liquid theory is a strongly correlated theory, and is universal for
1D interacting electron gases.
As d ≥ 2, the real phase field QRk (x, t) is finite, and the imaginary phase field Q
I
k(x, t) does
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not contribute to the action of the system. For simplicity, we can solve the Eikonal equation
by neglecting the quadratic term (∇Qk)
2. This approximation is reasonable because for
the long-range Coulomb interaction, only the states near the Fermi surface with momentum
q < qc (qc ≪ kF ) are important in the low energy regime, and for the smooth function
Qk(x, t) this quadratic term is proportional to (qc/kF )
2 ∼ 0. With this approximation, we
can obtain the simple effective action,
Seff. =
1
2TLd
∑
q,Ω
(
1
v(q)
− χ(q,Ω)
)
|φ(q,Ω)|2 (10)
where χ(q,Ω) is usual Lindhard function [22]. In fact, the above approximation is equivalent
to usual random-phase approximation (RPA). However, in present framework, it gives more
useful and important informations than usual RPA perturbation method, because we have
not only the real phase field, but also the imaginary phase field. This imaginary phase field
does not contribute to the action of the system, but it determines the electron correlation.
For a 3D electron gas with long-range Coulomb interaction v(q) = e2/(4πq2), by simple
calculation, we have the relations,
< ψkω(x, t)Ψ
†
kω(x
′, t, [φ]) >φ ∼ Zke
ik·(x−x′)
< eiQ
I
k
(x,t)e−iQ
I
k
(x′,t) >φ ∼ e
zI
k
(x−x′) (11)
where Zk is finite, and z
I
k(x) is a smooth function. As |x| → ∞, the function z
I
k(x) goes
to zero. The first equation presents that the eigen-functionals Ψkω(x, t, [φ]) have strong
overlap with the eigen-functions ψkω(x, t), and the second equation presents that there is
weak electron correlation even for long-range Coulomb interaction. Thus the fundamental
assumption of the Landau Fermi liquid theory is satisfied, thus there are well-defined quasi-
articles (holes) near the Fermi surface. The Landau Fermi liquid theory is universal for 3D
interacting electron gases. Therefore, we can generally conclude that there does not exist
non-Landau-Fermi liquid behavior in the 3D electron gases as qc ≪ kF . For a 2D electron
gas with the long-range Coulomb interaction v(q) = e2/(4πq2), the situation is different from
that in the 3D electron gas. By simple calculation, we can obtain the relations,
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< ψkω(x, t)Ψ
†
kω(x
′, t, [φ]) >φ ∼
(
1
qcL
)β
eik·(x−x
′) (12)
< eiQ
I
k
(x,t)e−iQ
I
k
(x′,t) >φ ∼ e
−2β ln(qc|x−x′|), |x− x′| → ∞
where β = e2/(2(4π)2ωp) is the dimensionless coupling strength parameter, where ωp is the
plasma frequency. In fact, qcL → ∞, the first equation presents that the eigen-functionals
Ψkω(x, t, [φ]) has no (or infinitesimal) overlap with the eigen-functions ψkω(x, t), and the
second equation presents the strong electron correlation. In this case, the fundamental
assumption of the Landau Fermi liquid theory fails, and the system shows the non-Landau-
Fermi liquid behavior. Even though the asymptotic behavior of the single electron Green’s
function is similar to that of the 1D interacting electron gas (see, (9) and (12)), while they
originate from different physics. The former is producted by the plasmon excitation of the
system, while the latter is induced by the gapless charge (spin) density wave(s). Thus this
non-Landau-Fermi liquid behavior is different from the usual Tomonaga-Luttinger liquid
behavior, because the former is induced by the strong long-range electron interaction, while
the latter is induced by the Fermi structure of the 1D electron gases. However, this difference
can also be clearly seen from their effective actions of the density field. For 1D interacting
electron gases, this action can be easily obtained by usual bosonization method [16,17],
where the density field has well-defined propagator (density wave). For the 2D electron gas
with long-range Coulomb interaction, the effective action (10) can be written as with the
density field,
Seff.[ρ] =
1
2TL2
∑
q,Ω
(
1
χ(q,Ω)
− v(q)
)
|ρ(q,Ω)|2 (13)
where the density field does not have well-defined propagator. It was shown in Ref. [19] that
as e2 ≫ 4π the system can be described as a Landau Fermi liquid formed by chargeless quasi-
particles which has vanishing wavefunction overlap with the bare electrons in the system.
In the short range ξ ∼ 1/qc, one can also define local quasi-particles (holes). For short range
and/or weak electron interaction, the 2D interacting electron gases would show the Landau
Fermi liquid behavior in the low energy region.
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In summary, in the simple framework of the eigen-functional bosonization method, we
have demonstrated that the imaginary phase field QIk(x, t) can completely represent the
electron correlation, and the Landau Fermi liquid theory and the Tomonaga-Luttinger liquid
theory can be unified. It is very clear in this framework that: a). the Tomonaga-Luttinger
liquid behavior of 1D interacting electron gases originates from their Fermi structure which is
composed of two Fermi levels ±kF ; the phase field is imaginary, and contributes to the action
of the systems. b). the non-Landau-Fermi liquid behavior of 2D interacting electron gas
is induced by the long-range Coulomb interaction. The imaginary phase field QIk(x, t) does
not contribute to the action of the system. However, for other anomalous gauge interaction,
the system can also show the non-Landau-Fermi liquid behavior if the imaginary phase field
QIk(x, t) satisfies the relations in (12). Generally, 2D interacting electron gases may show
the Landau Fermi liquid behavior or non-Landau-Fermi liquid behavior in the low energy
region, which completely depends upon the electron interaction. c). 3D interacting electron
gases generally show the Landau Fermi liquid behavior. The electron interaction cannot
alter this property as qc ≪ kF , and it only modifies the weak electron correlation length and
the overlap weight with the bare electron wavefunctions.
This method can also be used to treat a 2D electron gas with transverse gauge interaction,
and gives the same results as that in Ref. [27,28]. However, this method can clearly show
that the non-Fermi liquid behavior of this system originates from the imaginary phase field
which is a function of transverse gauge fields.
We thank T. K. Ng for helpful discussions.
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